with exceptions (h; n) 2 f (1, 5) , (1, 9) , (2, 4) g and the possible exception of (h; n) = (6; 4).
Introduction
An quasigroup is an ordered pair (Q, ), where Q is a set and ( ) is a binary operation on Q such that the equations a x = b and y a = b (1) are uniquely solvable for every pair of elements a; b 2 Q. A quasigroup is called idempotent if the identity x x = x (2) is satis ed for all x in Q. If the identity (x y) (y x) = x (3) holds for all x; y 2 Q, then (Q, ) is called a Schr oder quasigroup. The order of the quasigroup is jQj.
Idempotent Schr oder quasigroups, or ISQs, are associated with other combinatorial con gurations, such as a class of edge-coloured block designs with block size 4, triple tournaments and self-orthogonal Latin squares with the Weisner property (see 7] , 1], 10] and 12]). The following theorem gives a complete solution of the existence of ISQ. Theorem 1.1 ( 2] , 7]) An idempotent Schr oder quasigroup of order v exists if and only if v 0; 1 (mod 4) and v 6 = 5; 9.
To construct ISQ, some kinds of designs have been introduced. We rst display the de nition of holey ISQ as follows ( 2] ).
Let Q be a set. Let H = fS 1 ; S 2 ; ; S k g be a set of disjoint subsets of Q. A holey idempotent Schr oder quasigroup having hole set H is a triple (Q,H; ), which satis es the following properties:
1. ( ) is a binary operation de ned on Q. However, when both points a and b belong to the same set S i , there is no de nition for a b; 2. the equations (1.1) hold when a; b are not contained in the same set S i ; 1 i k, 3 . the identity (1.2) holds for any x 6 2 1 i k S i ; 4 . the identity (1.3) holds when x and y are not contained in the same set S i ; 1 i k.
We denote the holey ISQ by HISQ(n; s 1 ; s 2 ; ; s k ), where n = jQj is the order and s i = jS i j; 1 i k. Each S i is called a hole: When H = , we obtain an ISQ, and denote it by ISQ(n).
From the de nition of HISQ, we can obtain the de nition of frame ISQ as follows.
If H = fS 1 ; S 2 ; ; S k g is a partition of Q, then a holey ISQ is called frame ISQ. The type of the GDD is the multiset f jGj : G 2 Gg. We also use the notation GD(K; M; ) to denote the GDD when its block sizes belong to K and group sizes belong to M. If M = f1g, then the GDD becomes a pairwise balanced design (PBD). If K = fkg; M = fng and with the type n k , then the GDD becomes a transversal design TD(k; n). It is well known that the existence of a TD(k; n) is equivalent to the existence of k ? 2 MOLS(n).
It is easy to see that if we erase the colours in the blocks, the HSD becomes a GDD with block size four and = 3 . But the converse may be not true. In this paper, we consider HSDs with equal sized holes, i.e., HSD(h 
Examples and constructions
There are technical reasons for us to adapt the terminology Schr oder design in our investigation. Instead of displaying the multiplication table of a quasigroup associated with an HSD, we may sometimes be able to list starter blocks which generate the HSD (see, for example, 2]). Suppose the block set B of an HSD is closed under the action of some Abelian group G, then we are able to list only part of the blocks (starter blocks) which determines the structure of the HSD. To check the starter blocks, we need only calculate whether the di erences (x ? y) from all pairs fx; yg with colour i in the starter blocks are precisely G n S for 1 i 3, where S is the set of the di erences of the holes. The following is an example of an HSD (2 9 3 HSD(h n ) with h even From condition (1.4), we know that when the hole size h is even or odd, the conditions for u are quite di erent. In this section, we consider the case when h is even. In view of Construction 2.7, the existence of HSD (2 u ) is important for the even cases. First we give a direct construction. Here GF(q) denotes the Galois eld of order q. Proof Let the point set be GF(q) Z 2 and the holes be ff(f; 1); (f; 0)g : f 2 GF(q) g. Let Proof From Lemma 3.7 and Construction 2.10 we obtain all the needed designs except type 4 6 , which is constructed in 2].
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Now we are in a position to give the main theorem of this section.
Theorem 3.9 Let h be even. An HSD(h u ) exists if (h; u) satis es (1:4) with the exception of (h; u) = (2; 4) and the possible exception of (h; u) = (6; 4).
Proof From Lemma 3.6 and Construction 2.7 we know that an HSD((2m) u ) exists when m 6 = 2, 6 and u 5. For m = 2, the conclusion comes from Lemma 3.8. For m = 6, the conclusion comes from Lemma 2.5. The cases u = 4 and h 6 = 2, 6 are also covered by Lemma 2.5. And we already know that HSD(2 4 ) does not exist in Section 1.
4 HSD(h n ) with h odd
Now we turn our attention to the case where h is odd. From (1.4) we know that when h is odd, one necessary condition for u is that u 0 or 1 (mod 4). From Theorem 1.2 and Construction 2.7 we obtain the following lemma. Proof When u 0 or 1 (mod 4) and u 6 = 5 or 9, there exists an HSD (1 u ) from Theorem 1.2. As h is odd, we obtain the desired HSD(h u ) from Construction 2.7. 2 So when h is odd, the main work for us is to consider the cases u = 5 and 9. From Lemma 2.5, we have the following lemma. 2 Now we shall consider the type h 9 . First from Theorem 3.9 and Lemma 2.5, the following result is obtained. Lemma 4.6 An HSD(h 9 ) exists when h 0 (mod 2) or h 0 (mod 3).
Some small HSDs of type h 9 are given in the following lemma.
Lemma 4.7 There exists an HSD(h 9 ) when 2 h 15.
Proof We need only consider the odd cases of h by Lemma 4.6. For h = 3, 9, 15 the conclusion comes from Lemma 4.6. Type 5 9 is constructed in 3], see also Appendix. For h = 7, we rst delete one point from a TD (8, 8) to obtain a GDD of type 7 9 and block size 8. As an HSD (1 8 ) exists, we then obtain the HSD (7 9 ) by Construction 2.3. For h = 11, we start from a resolvable GDD of type 5 9 and block sizes in f5, 9g which can be obtained by a resolvable TD (5, 9) . Take one of the 9 { blocks and give each point weight 3 and give all the remaining points of the GDD weight 2. As the HSDs of type 3 9 ; 2 9 ; 2 5 ; 2 4 3 1 ( 2]) all exist, we then get HSD(11 9 ) by Construction 2.3.
In a similar way, if we start from a resolvable GDD of type 6 9 and block sizes in f6, 9g which is from a resolvable TD (6, 9) and use HSDs of type 3 9 ; 2 9 ; 2 6 ; 2 5 3 1 ( see Table  2 ), an HSD(13 9 ) can be obtained. (3 8 7 1 ) is obtained. Delete three points from one group of a TD (9, 8) and give weight 3 to the other points of that group and give all the remaining points weight 1. As the HSDs of types 1 8 ; 1 8 3 1 2] exist, we obtain an HSD (8 8 15 1 ). Similarly, delete one point from a TD(9,16) and give weight 3 to the other points of that group, we can obtain an HSD (16 8 45 Proof For h = 71 or 191, give weight 15 to each point of a block of a TD (9, 8) or a TD(9, 23), and give weight 8 to the other points of the TD. As HSDs of type 8 9 ; 15 9 ; 8 8 15 1 exist, we then obtain the required HSD of type 71 9 or 191 9 by Construction 2.3. For h = 73, give weight 7 to each point of one block of a TD (9, 23) and weight 3 to the other points. As HSDs of type 3 9 ; 7 9 ; 3 8 7 1 exist, we obtain an HSD(73 9 ). For h = 157 or 173, give weight 45 to each point of one block of a TD (9, 8) or a TD (9, 9) and weight 16 to the other points. As HSDs of types 16 9 ; 45 9 ; 16 8 45 1 exist, we obtain the desired HSDs.
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Lemma 4.14 There exists an HSD(h 9 ) for h 2 f155; 175g.
Proof The cases of h = 155 and 175 are handled by Construction 2.7 and the fact that there exists an HSD(5 9 ).
As a summary of this section, we have the following theorem. 
